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Emil Artin studied quadratic extensions of k(x) where k is a prime field of odd 
characteristic. He showed that there are only finitely many such extensions in 
which the ideal class group has exponent two and the infinite prime does not 
decompose. The main result of this paper is: I f  K is a quadratic imaginary ex- 
tension of k(x) of genus G, where k is a finite held of order q, in which the infinite 
prime of k(x) ramifies, and if the ideal class group has exponent 2, then q = 9, 
7, 5, 4, 3, or 2 and G < 1, 1, 2, 2, 4, and 8, respectively. The method of Artin’s 
proof gives G < 13, 9, and 9724 for q = 7, 5, and 3, respectively. I f  the Smite 
prime is inert in K, both the methods of this paper and Artin’s methods give 
bounds on the genus that are roughly double those in the ramified case. 
1. INTRODUCTION 
The main object of this paper is to use the techniques and the results of [2] 
in a study of quadratic extensions of k(x). In his dissertation Emil Artin 
studied the arithmetic and analytic theory of quadratic extensions of k(x) 
where k is a field of prime order. His approach to this subject is a complete 
analogy to the theory of algebraic number fields, and, for this reason, he 
separated these extensions into two classes, real and imaginary, depending 
upon (in the terminology of this paper) the decomposition of the infinite 
prime of k(x) in the extension. This distinction can be extended to arbitrary 
extensions of k(x). 
DEFINITION. If K is an extension of k(x) for which there is only one prime 
divisor that lies over the infinite prime of k(x), then K is called an imaginary 
extension of k(x); otherwise K is a real extension of k(x). 
Notice that any prime of k(x) of degree 1 may act as the infinite prime 
since 
k(x) = W/(x + a)), for any a E k. 
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A field K is said to be a totally imaginary extension of k(x) if no prime of 
degree 1 in k(x) splits in K. 
In the course of his study of quadratic extensions of k(x), Artin discussed 
the problem of classifying all imaginary extensions of k(x) which have one 
class per Geschlecht, i.e., in which the ideal class group has exponent 2. He 
proved that the number of such fields is finite; more precisely, he showed 
that in any such field 1 k 1 = q = 3,5, or 7 and that (in the terminology of 
this paper) the genus is bounded. The techniques developed in the present 
paper can be used to remove the condition that k be a prime field and to 
substantially improve the bounds on the genus. However, for the sake of 
simplicity, this paper will, for the most part, be confined to those imaginary 
extensions in which the infinite prime ramifies. In this case the methods of 
Artin give that when j k 1 = q = 3, 5, and 7 the genus of the extension must 
be less than or equal to 9724, 9, and 13, respectively. The results obtained 
through the methods of this paper are given in the form of 
THEOREM 1. If K is a quadratic imaginary extension of k(x) of genus G, 
where k is a finite field of order q, in which the infinite prime of k(x) ramtjies, 
and if the ideal class group of K has exponent 2, then: 
(i) q = 9, G = 1; 
(ii) q = 7, G = 1; 
(iii) q=5,G<2; 
(iv) q = 4, G < 2; 
(v) q = 3, G < 4; or 
(vi) q = 2, G < 8. 
The study of congruence function fields with ideal class exponent 2 is made 
by first considering those fields with null class exponent 2. If K is a quadratic 
imaginary extension of k(x) in which the ideal class group has exponent 2, 
then, since the null class group of an imaginary extension is a subgroup of 
the ideal class group (see [l, pp. 246-247]), the null class group must either 
have exponent 2 or be of order 1. Madan and Queen [3] have shown that 
there are only two cases in which a quadratic extension of k(x) has class 
number 1 and G > 1. In both of these cases, q = 2 and G = 2. Since it is as- 
sumed that the infinite prime k(x) ramifies, the connection is even simpler; for 
then, the ideal class group and the null class group are identical. Therefore, 
Theorem 1 follows immediately from the following two theorems. 
THEOREM 2. If K is a quadratic extension k(x) for which the null class group 
has exponent 2, then K is an imaginary extension of k(x) for a suitable choice 
of x. In fact, if K has genus greater than or equal to 2, then K is a totally 
imaginary extension of k(x). 
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THEOREM 3. Let K be a quadratic extension of k(x) with genus G, where k 
is a finite field with q elements and in which not all the primes of degree 1 in 
k(x) are inert. If the null class group of K has exponent 2, then 
(i) y = 9, G = 1; 
(ii) y = 7, G = 1; 
(iii) q = 5, G < 2; 
(iv) q = 4, G < 2; 
(v) q = 3, G < 4; or 
(vi) q = 2, G < 8. 
The restriction in Theorem 3 that not all the primes of degree 1 in k(x) are 
inert in I( is imposed only for the sake of convenience and, as we shall see, 
is redundant for q = 7 and q = 9. Without this restriction, the methods 
used here give bounds on the genus that are roughly double those in 
Theorem 3. This also is a substantial improvement over the bounds obtained 
through Artin’s method. 
2. NORMS OF INTEGRAL ELEMENTS IN IMAGINARY EXTENSIONS 
With the definition of imaginary extensions, Theorems 4, 5 and 10 in [2] 
take on a special meaning. In an imaginary extension K of k(x), there is only 
one prime ~~~ which lies over the infinite prime pI,z of k(x). Then 
deg W-4 = -q&W) 
= -(l/Q qm ( 
osGALW/k(d) 
where eoc is the ramification index of Cpm , (1) 
= -(NJ C 4.!&?&) 
oEGAL(K/k(r)) 
= -(p/e,) q3J4, pn = [K : k(x)]. 
Thus, in imaginary extensions, Theorems 4, 5, and 10 in [2] can be used to 
give bounds on the degrees of norms of primitive integral elements. In 
particular this gives 
THEOREM 4. Let k be a finite field of order q, and let K be an imaginary 
extension of k(x) with genus G. 
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(A) If K is a cyclic geometric extension of k(x) ofprimepower degree for 
a prime other than the characteristic, then, for any cy E K which is both a 
primitive element for the extension K/k(x) and integral over k[x], 
deg N4 2 deg (n pi(x)), 
where the product is taken over all the ramified polynomial primes of k(x). 
(B) If K is a geometric Artin-Schreier extension of k(x), then, for any 
01 E K which is both a primitive element for the extension K/k(x) and integral 
over k[x], 
deg W4 3 deg (jj ~44) + max{deg 44, deg 441, 
where the product is taken over all the ram$ed polynomial primes of k(x) and 
where n(x) and d(x) are defined by the generating equation of K, 
y” - y = n(x)/d(x). 
(C) If K is a geometric quadratic extension of k(x), then, for any 01 E K 
which is integraZ over k[x] but not in k[x], 
degN(ol) 3 2G + 1. 
Proof. (A) If {et) is the fundamental basis constructed in Theorem 3 
of [2], then 
This gives 
where the sum is taken over all the ramified primes of k(x). Thus, plugging 
this into (1) gives 
deg W4 3 deg (fl P&I). 
But this proves the theorem only when k contains the p”th roots of 1; how- 
ever, just as Theorem 4 extends to Theorem 5 in [2], it is possible to drop 
this condition on the roots of unity. 
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(B) Since K is an imaginary extension, (1) gives 
deg N4 = -(pled q~,(4. 
Then, 
where 
is the generating equation of K over k(x). Thus 
deg N(a) 3 1 (4 + 1) degpb) + ha . 
i=l 
However, 




= deg 4~) - de 4~)~ 
1 
if deg n(x) - deg d(x) > 0, 
0, if deg n(x) - deg d(x) < 0. 
This gives 
deg N( ) > fdeg(n ~4-4) + deg 44, 
cy ’ /deg(n pi(X)) + deg d(x), 
if deg 44 - deg 44 > 0, 
if deg n(x) - deg d(x) < 0. 
This proves part (B). 
(C) This is simply an application of Theorems 4 and 10 of [2], when 
p" = 2 to (1); 
deg N(a) = -(2/e,) UQ,(LX) > 2G + 1. 
This part of the theorem is stated separately only because it is in this form 
that the theorem will be used. This completes the proof of Theorem 4. 
COROLLARY. Zf K is an imaginary quadratic extension of k(x) for which the 
null class group has exponent 2, then, for any prime p of k(x) which splits in K, 
where G is the genus of K andf, is the degree of the prime of K over the injinite 
prime of k(x). 
QUADRATIC FUNCTION FIELDS 223 
Proof. Let p(x) be the polynomial prime of k[x] associated with the 
divisor prime p, and let $I, be either prime of K which lies over p. Thus, 
yp~y’p~gp E D,(K). 
Now since the exponent of the null class group is 2, 
~~~/‘p”m”““>” = (4, a! E K. 
Taking norms of both sides gives 
(pfm/p$;egP)2 = (N(a)). 
But then, 
N(a) = a . p(x)“f” 
for some a E k. By part (C) of the theorem, 
Thus 
2fm degp(x) > 2G + 1. 
deg p > Glfm . 
This proves the corollary. 
This leads to the proof of Theorem 2. 
Proofi Now, K is a quadratic extension of k(x) for which the null class 
group has exponent 2. Suppose there is a prime of degree 1 in k(x) which 
splits in K; let it be the infinite prime of k(x). Then, if ‘$I and 9, are 2 primes 
of K which lie over the infinite prime of k(x), 
Therefore, 
and, by [2, Theorems 4 and lo], 
Thus, if a prime of degree 1 splits in such a K, K has genus 1. 
Next, suppose all the primes of degree 1 in k(x) split in K; then K has 
genus 1 and has 2q + 2 primes of degree 1, where I k 1 = q. However, by the 
Riemann hypothesis, 
l(2q + 2) - (q + I)1 < 2q1’2, 
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or equivalently, 
q - 2q1/2 + 1 < 0. 
This cannot happen for q > 1. So some prime of degree 1 in k(x) must not 
split in K, and this concludes the proof. 
3. PROOF OF THEOREM 3 
The first step in the proof of Theorem 3 is to establish an upper bound on 
the order of constant field of a congruence function field with null class 
exponent 2. This bound is furnished by a well-known result in algebraic 
geometry. From algebraic geometry, it is known that the p rank of the null 
class group of an algebraic function field over an algebraically closed field of 
constants is 2G, if p is not the characteristic, and is at most G when p is the 
characteristic. Thus in a congruence function field the 2 rank of the null class 
group is at most 2G when 2 is not the characteristic and at most G when 2 is 
the characteristic. This gives immediately, 
LEMMA 1. If K/k is a congruence function field in which the null class 
group has exponent 2, then 
1 k / = q = 2, 3, 4, 5, 7, or 9. 
Proof. If k has odd characteristic, then for h, the class number of K, 
since C,(K) is at most the product of 2G copies of Z, . However, by the 
Riemann hypothesis, 
This implies 
(4112 - 1)2G < h < 2zG. 
q <9. 
If k has characteristic 2, then 
or, equivalently 
(q1i2 - 1)2G < h < 2G, 
q < 6. 
This proves the lemma. 
Now, returning to the proof of Theorem 3, if K is an extension of k(x) 
which has null class exponent 2, then by Theorem 2, there is some prime of 
degree 1 in k(x) which does not split in K. If, further, K is such that not all the 
primes of degree 1 of k(x) are inert in K and such that the genus G > 1, then 
QUADRATIC FUNCTION FIELDS 225 
some prime of degree 1 must ramify. Thus it can be assumed that the K in 
Theorem 3 is imaginary and that the infinite prime of k(x) ramifies in K. Now 
under this assumption, the corollary to Theorem 4 says that no prime of 
degree G or less can split in K. However, this fact together with the techniques 
employed in the proof of Theorem 6 of [2] gives that if the genus of K is odd 
and 
qG - 2GqGJ2 + 1 > GR, 
where R is the number of primes of k(x) that ramify in K, then there is a prime 
of degree at most G which splits in K. Thus K could not have genus G. 
Case i. q = 9. The number of primes of k(x) which ramify in K is less 
than or equal to 2G + 2 (the degree of the discriminant by the genus formula). 
Thus the genus G cannot be odd and satisfy 
9G - 2 . G . 3c + 1 > G(2G + 2). 
Thus, if the genus of Kis odd it must be 1; for, when G = 3, 
93 - 2 - 3 . 33 + 1 = 568 > 24 = 3(6 + 2). 
Jf G is even it cannot satisfy the inequality 
gG-l - 2 . G . 3G-1 + 1 < (G - 1)(2G + 2), 
and then it must be 2; for if G = 4 
93 - 2 * 4 . 33 + 1 = 514 > 30 = 3(8 + 2). 
Thus, if q = 9, the genus of K must be 1 or 2. Further analysis rules out the 
case of genus 2; for by (2) the class number of K with genus 2 is 2, 4, 8, or 
16. Also by Lemma I, there can be no prime of degree 1 or 2 which splits in K. 
Let Mi be the number of primes of k(x) of degree i which ramify in K, and 
let IVi be the number of primes of K of degree i. By the genus formula for 
G = 2, 
0 < m, + 2M, < deg 6 = 6. 
Also, since no prime of degree 1 or 2 splits in K, 
iVl = Ml ; 
N, = Mz + (q + 1) - Ml. 
The zeta function L(U) of K is given by (see [3, p. 427]), 
L(u) = 1 + (A$ - (9 + 1)) 24 + W12 - Nl - %Nl 
+ q(N, - (4 + 0) u3 + q2u4, 
(3) 
(4) 
4 - 2N3 + 2q) u2 
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and plugging (4) and (5) into L(1) gives 
h = 1 + &(n/r,2 - MJ + IV, ) 
which is independent of q. 
(6) 
In this particular case where q = 9, the Riemann hypothesis gives 
(1 - q1jz)4 = 16 < h. 
Thus h must be 16. There is, however, only one simultaneous solution for (3) 
and (6) for h = 16; this is MI = 6 and M2 = 0. In this case the zeta function 
must be 
L(u) = 1 - 4~ - 26~~ - 36u3 + 81~~. 
However, by the Riemann hypothesis the reciprocals of the roots of L(U) are 
3e*%, 3e*%, and thus 
L(u) = (1 - 3e%)(l - 3e-%)( 1 - 3e%)(l - 3eUisZ) 
= (I - 6 cos 0,~ + 3u2)(1 - 6 cos f?,u + 3~~). 
Therefore, 
COS 8, $ COS e2 = 213, 
cos e1 cos e2 = - 1 i/9, 
and so cos tY1 and cos f12 are roots of the equation 
x2 - (2/3) x - (11/9) = 0. 
The roots of this equation are not both between - 1 and 1. There is no field 
of the proper type with q = 9, G = 2. 
Case ii. q = 7. Again if G is the genus of K, there are at most 2G + 2 
primes of k(x) that ramify in K. Thus G cannot be odd and satisfy 
7G - 2G7G/2 + 1 > G(2G + 2). 
Then if G is odd, it must be 1, for G = 3 satisfies this inequality. If G is even 
it must be 2 because G = 4 satisfies 
7G-1 - 2G7G-1/2 + 1 > (G - 1)(2G + 2). 
Now in this case where q = 7, the Riemann hypothesis gives 
h>(l -734,71 . 9 
and so h = 8 or 16. There is only one simultaneous solution of (3) and (6) 
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each for h = 8 and h = 16. These solutions and the zeta functions they 
imply are: 
h = 16; Ml = 6, Mz = 0, L(u) = 1 - 224 - 18u2 - 14u3 + 49u”, 
h = 8; Ml = 4, M,= 1; L(u) = 1 - 4u - 1of.P - 28243 + 49u4. 
However, the same methods used above show that these cannot be the zeta 
functions of congruence function fields. Thus if q = 7, then G = 1. 
Case iii. q = 5. There are at most 2G + 2 primes of k(x) that ramify in 
K. If G is odd, it cannot satisfy 
5c - 2 . G . 5F/2 + 1 > G(2G + 2) 
and must therefore be 1. Similarly if G is even it must be 2. Thus if q = 5, then 
G < 2. 
Case iv. q = 4. In this case K/k(x) is ‘an Artin-Schreier extension, and 
so all ramification must be wild. This allows a better estimate on the number 
of primes k(x) that ramify in K. If G = 3, the degree of the discriminant is 8. 
Now since the ramification is wild, each prime that appears in the discriminant 
has a power of at least 2. Thus, there are at most four primes of k(x) that 
ramify in K. But, 
And so there is no congruence function field of the proper type of odd genus 
larger than 1. 
If G is even, consider G = 6. The degree of the discriminant is 14, and thus 
there are at most six primes of k(x) which ramify in K (six since there are only 
five primes of degree 1 in k(x)). Then 
Both of these facts together give that, when q = 4, G must be 1, 2, or 4. 
Further analysis of the type used in the case of q = 9, G = 2 rules out G = 4. 
There are 13 possible combinations of ramified primes which give a power of 
2 for the class number. These can all be eliminated by studying the zeta 
functions they imply. And so, q = 4 implies G = 1 or 2. 
Case v. q = 3. In this case a more accurate approximation of the number 
of primes that ramify is needed. If G = 5, then the degree of the discriminant 
is 12. There are, however, only four primes of degree 1 in k(x). Thus there 
are at most eight primes of k(x) that ramify in K, four of degree 1, and four 
of degree 2. However, 
35 - 2 * 5 * 3512 + 1 > 5 * 9. 
Thus if q = 3, then G < 4. 
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Case vi. q = 2. This is an Artin-Schreier case, so all the ramification is 
wild. In this case a similar procedure gives G < 8. This completes the proof 
of Theorem 3. 
The restriction on the primes of degree 1 in the statement of Theorem 3 is 
redundant when q = 7 and q = 9. In a quadratic extension K of k(x) in 
which the null class group has exponent 2, all the classes in this group are 
ambiguous, i.e., they are fixed by the action of the Galois group of K/k(x). 
Thus the class number h of K is equal to the ambiguous class number h, . 
There is a well-known theorem of Schmidt (see [4, p. 691) which can be used 
to calculate the ambiguous class number of K. In particular, when K is a 
geometric quadratic extension of k(x) which has null class exponent 2 and in 
which all the primes of degree 1 of k(x) are inert, 
h = h, < 21-1, 
where 1 is the number of primes in k(x) which ramify in K. If G is the genus 
of K, the genus formulas show that the degree of the discriminant is 2G + 2. 
Since no prime of degree 1 in k(x) ramifies in K, 
Z<G+l; 
:. h < 2G. 
Now, by the Riemann hypothesis, 
or equivalently, 
(1 - q112)2G < h < 2c, 
q < 3 + 8112 < 6. 
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